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GENERIC ILL-POSEDNESS FOR WAVE EQUATION OF POWER TYPE ON 3D TORUS
BO XIA
Abstract. In this article, we prove that the equation
(∂2t − ∆)u + |u|p−1u = 0, 3 ≤ p < 5(
u(0), ∂tu(0)) = (u0, u1) ∈ Hs(T3) × Hs−1(T3) =: H s(T3)
with s < 32 − 2p−1 is everywhere ill-posed. This work also indicates that, only properly regularizing the
initial data can we smoothly approximate the solutions constructed in [2] and [12].
1. Introduction
In this article we consider the semi-linear wave equation
(1.1)

(∂2t − ∆)u + |u|p−1u = 0, 3 ≤ p < 5(
u(0), ∂tu(0)) = (u0, u1) ∈ Hs(T3) × Hs−1(T3) =: H s(T3)
and we are interested in the ill-posedness issues in the classical Hardamard sense for the super-critical
case 0 < s < 32 − 2p−1 . We obtained that the set of data, initiated at which Equation (1.1) is ill-posed, is
dense in H s(T3). To explain this clearly, we first review some development for the Cauchy problem
for the equation (1.1).
There is an extensive literature, in the past thirty years, dedicated to the well-posedness of the
equation (1.1) in the (sub-)critical case s ≥ 32 − 2p−1 . The first rigorous proof of the local existence
and uniqueness for the (sub-)critical equation (1.1) was obtained by Lindblad-Sogge in [7] by using
Strichartz estimates. After this, there arose a lot of works on the scattering theory and the growth of
Sobolev norms of solutions to Equation (1.1). However, the Cauchy problem is still quite open in the
super-critical case. To this end, Lebeau [6] first proved, based on the local-in-time asymptotic analysis
of geometric optics, that the solutions to Equation (1.1) with p any odd integer not smaller than 7 are
unstable. And then, Christ-Colliander-Tao via a small dispersion analysis in [3] and Burq-Tzvetkov
via a direct ODE approximation proved in [1] that the equation (1.1) is not well-posed by contradicting
the continuous dependence on the initial data around the origin (u0, u1) = (0, 0) ∈ H s(T3). For more
information on other approaches to obtain ill-posedness results for other dispersive equations, see [5]
and [4].
Now that the super-critical equation is ill-posed, in what sense can we have the well-posedness
result similar to that of the (sub-)critical equation? In order to answer this question, by introducing the
concept ”probabilistic Hardamard well-posedness”, Burq-Tzvetkov proved the local well-posedness
result in [1] and the global well-posedness result in [2] for the cubic case, which is generalized in [12]
to the general power 3 ≤ p < 5 with the restricted regularity 2(p−3)p−1 < s < 32 − 2p−1 . Precisely, these
results can be summarized as
The author is supported by CSC..
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Theorem 1.1 ([2],[12]). Let 1 > s > 2(p−3)p−1 for 3 ≤ p < 5 and any (u0, u1) ∈ H s(T3). Then there
exist a probability measure µ depending on (u0, u1), which is supported on H s(T3) and is of positive
probability on any non-empty open subset of H s(T3), and a subset Σ ⊂ H s(T3) of full µ-measure such
that for any (v0, v1) ∈ Σ, there is a unique global solution v to the nonlinear equation
(∂2t − ∆)v + |v|p−1v = 0, (v(0), ∂tv(0)) = (v0, v1)(1.2)
satisfying (
v(t), ∂tv(t)) ∈ (S (t)(v0, v1), ∂tS (t)(v0, v1)) +C(Rt;H1) ⊂ C(Rt;H s).
Furthermore, we can specially choose µ such that the flow Φ(t) generated by the equation (1.2) is
continuous in the following sense: for any ǫ > 0, ˜T > 0, there exists η > 0 such that
µ ⊗ µ
(
(V0,V1) ∈ H s ×H s : ‖Φ(t)(V0) − Φ(t)(V1)‖X
˜T > ǫ
∣∣∣
‖V0 − V1‖H s ≤ η and (V0,V1) ∈ BΛ × BΛ
)
≤ g(ǫ, η),
where X
˜T ≡
(C([0, ˜T ]; Hs) ∩ L 2pp−3 ([0, T ]; L2p)) × C([0, ˜T ]; Hs−1), BΛ ≡ {V ∈ H s : ‖V‖H s ≤ Λ}, and
g(ǫ, η) satisfies
lim
η→0
g(ǫ, η) = 0, ∀ǫ > 0.
Remark 1.2. Recently, Chenmin Sun and the author in [11], by following the ideas used by Oh-
Pocovnicu [9] solving energy-critical wave equation, improved the regularity s > 2(p−3)p−1 required to
solve Equation (1.1) to s > p−3p−1 , but we do not have the probabilistic dependence on the initial data
there.
Theorem 1.1 says that we can construct a probability on proper function space (e.g. Hs × Hs−1 in
our case) and show that the wave equation (1.1) is globally well-posed almost surely and moreover
the flow generated by the equation is conditionally continuous. Interestingly, as pointed out by Burq-
Tzvetkov, it is also possible to show that these solutions are limits of smooth solutions obtained by
properly regularized initial data. In fact we have
Proposition 1.3. Given (v0, v1) ∈ Σ, where Σ is the invariant set in 1.1. We truncate (v0,n, v1,n) =
(χ(2−|n| |∆|)v0, χ(2−|n| |∆|)v1) with χ a radial bump function equal to 1 in the unit interval [0, 1] and van-
ishing outside [0, 2], then almost surely, the solutions vn(t) to the equation (1.2) issued from (v0,n, v1,n)
converge, as n tends to infinity, to the solution v(t) with initial data (v0, v1) in the space C(R,H s).
Consequently we have that vn(t) converges almost surely to v(t) in C(R,H s) as n → ∞.
Indeed, to prove this statement, we only need to apply the Burq-Tzvetkov strategy (see [2] or [12])
to the equation satisfied by wn = v − vn
(∂2t − ∆)wn + |v|p−1v − |vn|p−1vn = 0(
wn(0), ∂twn(0)) = ((1 − χ(2−|n|∆))v0, (1 − χ(2−|n|∆))v1),
and we can establish that µ
((v0, v1) ∈ Σ : ‖wn‖C(R,H s) →n→∞ 0) = 1.
Now a natural question coming up is the stability of this regularizing process. At a first sight, it
might be difficult to define this stability, so we ask this question in a slightly different manner: what’s
happening when we are using a different regularizing procedure? The purpose of this work is to
address this question, and indeed, via the ODE approach used in [1], we obtain
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Theorem 1.4. Let s ∈ (0, 32 − 2p−1 ) fixed and (u0, u1) ∈ H s. Then for any ǫ > 0, there exists a sequence((u0n, u1n))∞n=1 ∈ C∞c converging to (u0, u1) in H s such that the solutions (un(t)) to the equations
(∂2t − ∆)un + |un|p−1un = 0(
un(0), ∂tun(0)) = (u0n, u1n)
satisfy
‖un‖L∞([0,ǫ],H s) →n→+∞ +∞.
The proof of Theorem 1.4 is just a combination of diagonal argument with the following proposition
1.5, so we omit it here.
Proposition 1.5. Let s ∈ (0, 32 − 2p−1 ) fixed and (u0, u1) ∈ C∞c × C∞c (M) arbitrarily given and u(t) be
its corresponding smooth solution, then for any ǫ > 0, there exist δ > 0 and a sequence (un(t))∞n=1 of
C∞c (M) functions such that 
(∂2t − ∆)un + |un|p−1un = 0(
un(0), ∂tun(0)) = (u0n, u1n)
with
‖(u0n, u1n) − (u0, u1)‖H s →n→+∞ 0,
but
‖un − u‖L∞([0,ǫ],H s) →n→+∞ +∞.
In particular, we have that
‖un‖L∞([0,ǫ],H s) →n→∞ ∞.
Proposition 1.5 and Theorem 1.4 say that the equation (1.1) is ill-posed in the space L∞([0, ǫ],H s)
for any fixed ǫ > 0. Actually, for the equation (1.1), there exists initial data such that the Hs-energy
blows up instantaneously, as is shown by the following construction:
Theorem 1.6. Let us fix s ∈ (0, 32 − 2p−1 ), then for any compactly supported data (u0, u1) ∈ C∞c ×C∞c ,
there exists an initial data ( f0, f1) ∈ H s\C∞c arbitrarily close to (u0, u1) in H s, such that the equation
(1.1), complemented by the initial condition (u(0), ∂tu(0)) = ( f0, f1) and satisfying in addition the
finite speed of propagation, has no solution in L∞([0, T ],H s), T > 0.
Remark 1.7. This theorem states that the set of datum initiated at which the equation (1.1) is ill-posed
in L∞([0, T ],H s), T > 0 is dense in H s. Indeed what we expect is that it (at least) has a Gδ-structure,
but due to technical difficulties, we cannot prove this now.
Remark 1.8. By combining the Theorem 1.1, we obtain the following ’almost-sure non-continuous
dependence on the initial data’: Let 2(p−3)p−1 < s <
3
2 − 2p−1 for 3 ≤ p < 5 and any (u0, u1) ∈ H s(T3)
be given. For any given ε > 0, there exist a probability measure µ depending on (u0, u1), which is
supported on H s(T3) and is of positive probability on any non-empty open subset of H s(T3), and a
subset Σ ⊂ H s(T3) of full µ-measure such that for any (v0, v1) ∈ Σ with its corresponding solution
v(t), there exists a sequence (vn(t))∞n=1 of C∞(T3) functions such that
(∂2t − ∆)vn + |vn|p−1vn = 0(
vn(0), ∂tvn(0)) = (v0n, v1n)
with
‖(v0n, v1n) − (v0, v1)‖H s(T3) →n→+∞ 0,
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but
‖vn(t) − Φ(t)(v0n, v1n)‖L∞([0,ε]Hs(T3)) →n→+∞ +∞.
We should note that this result does not contradict the probabilistic continuity on the initial datum
stated in Theorem 1.1, which says that the set of the datum, initiated at which the equation (1.2) does
continuously depend on the data, is of µ-probability 1, and which does not exclude the possibility
that there may exist discontinuity on the data. This remark convinces us that there actually not only
exists discontinuity on the initial data, but also the event, consisting of the data initiated at which such
discontinuity occurs, is of µ-probability 1.
We also have a deterministic analogue to results as in Remark 1.8.
Remark 1.9. Let 2(p−3)p−1 < s <
3
2 − 2p−1 for 3 ≤ p < 5 and any (v0, v1) ∈ H s(T3) be given. For any
given ε > 0, there exists a sequence (vn(t))∞n=1 of C∞(T3) functions such that
(∂2t − ∆)vn + |vn|p−1vn = 0(
vn(0), ∂tvn(0)) = (v0n, v1n)
with
‖(v0n, v1n) − (v0, v1)‖H s(T3) →n→+∞ 0,
but
‖vn(t)‖Hs(T3) →n→+∞ +∞.
The article proceeds as follows: in Section 2 we present the similar results as above for the non-
evolutionary case, and then in Section 3 generalize these results to the linear wave equation. For
the nonlinear case, in Section 4, we summarize the routine in which Burq-Tzvetkov proved the ill-
posedness result for cubic wave equation, and then by a similar argument, we prove the ill-posedness
result for fixed time interval for equation (1.1) with generic data in Section 5, and then in section 6,
we prove the set of datum initiated at which the equation becomes ill-posed instantaneously is dense
in H s.
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2. The series case
We begin our discussion with recalling some results on the randomization of the initial data used
in [1] and references therein. These typical results, especially Proposition 2.3, serves as the prototype
in our consideration in the PDE case.
Suppose the function u on the torus T3 is given by its Fourier series
u(x) =
∑
n
une
in·x.
We can randomize it via
uω(x) =
∑
n
unαn(ω)ein·x,(2.1)
where
(
αn(ω))n is a series of i.i.d real-valued standard Gaussian random variable on the probability
space (Ω,A, P). Now we have the following statement.
Theorem 2.1. [1][10] If u ∈ L2(T3), then almost surely uω ∈ Lq(T3) for any q > 2.
4
For readers’ convenience, and also for the self-containing of this article, we present the proof of
this theorem. One also can refer to [1][10].
Proof. We first consider the case q = 2k for some positive integer. Now we can calculate the expecta-
tion
E
(
‖uω‖q
Lqx
)
=
∫
Ω
‖uω‖qLqdP
=
∫
Ω
∫
T3
∑
2β1+···+2βi=2k
q!
(2β1)! · · · (2βi)!Π(uniαni)
2βi dxdP
≤
∫
T3
∑
β1···+βi=k
(2k)!
(2β1)! · · · (2βi)!E
(
Π(uniαni)2βi
)
dx
≤ C
(∑
|un|2
)k
= C‖u‖2kL2 .
By Ho¨lder inequality, we have
E
(
‖uω‖Lq
)
≤ E
(
‖uω‖qLq
)1/q ≤ c‖u‖L2 .
Next for the case 2k < q < 2k + 2, by the interpolation of Lp-spaces and Ho¨lder inequality with
θ1 + θ2 = 1 and θ12k +
θ2
2k+2 =
1
q , we have
E
(
‖uω‖Lq
)
≤ E
(
‖uω‖θ1L2k‖u
ω‖θ2L2k+2
)
≤
[
E
(
‖uω‖L2k
)]θ1[
E
(
‖uω‖L2k+2
)]θ2
≤ c‖u‖L2 ,
which completes the proof by using Markov-Chebychev’s inequality. 
As a corollary of the the proof of Theorem 2.1, we have
Corollary 2.2. If (un) ∈ l2, then for any q > 2, almost surely uω ≡ ∑ unαn(ω)ein·x ∈ Lqx.
It is well known in the subject of real analysis that the Cantor set is an open set with no interior
points, but it still has measure 1. A little bit contrary to this, even though the set (uω) is contained
in Lq with a large probability, there is still a large part of elements which do not belong to Lq, as is
shown
Proposition 2.3. 1 For any p > 2, there exists a dense Gδ type subset G ⊂ L2 such that for any
v =
∑
n vne
in·x ∈ G, the series v = ∑n vnein·x is NOT lying in the space Lp.
Proof. • Step 1. Now given u = ∑n unein·x ∈ L2, for any ǫ > 0, we can choose N large enough
such that
‖u − v0‖L2 <
ǫ
2
.
Denote χ ∈ C∞c (R3) such that χ is radial and equal to 1 when |x| ≤ 1/2 and is 0 when |x| > 1.
We also denote χ(x) = χ(|x|). Set wk(x) = kd/2χ(k(x − x0)). Then we have
‖wk‖Lp ∼ kd(
1
2− 1q ),
1 Actually, this is an exercise, left by N. Burq when he gave the M2 class ’Super-critical nonlinear wave equations’ in
the winter of the year 2012.
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and suppwk ⊂ [x0 − 1k , x0 + 1k ], where we admit that the addition of a number to one vector isjust to add to the first component. Therefore the support of a function of the form wkp(x − xp)
with xp =
∑p
i=1 2
−(i+2) and kp = 2p+3 × 210 does not intersect that of any other one of different
p. Now for ǫp = 2−(
1
2− 1q ) √ǫ, we set
v ≡ v0 +
∞∑
p=1
ǫpwkp(x − xp).
Then thanks to the disjointness of the supports of functions wkp for different kp, we have
‖u − v‖2L2 ≤ ‖u − v0‖2L2 +
∑
ǫ2p = Cǫ,
but
‖
∞∑
p=1
ǫpwkp(x − xp)‖qLq ∼
∑
ǫ
q
pk
d( 12− 1q )
p =
∑(
24d(
1
2− 1q )ǫ
)q
= +∞.
• Step 2. Now we define the set
GM ≡ {v ∈ L2 : ‖ΠMv‖Lq > log log M for M large}
Now define G ≡ lim sup GM. By the arbitrary choice of u in Step 1, we can see that G is
dense in L2. Now we only need to see the openness of GM in L2, which is obvious by the
continuity of the Lq norm together with the continuity property of the projection onto the low
frequencies.

3. The case of linear wave equation
In this section, by using the ideas used in the last section, we are going to present some results
similar to Proposition 2.3 for the wave equation
(
∂2t − ∆
)
u = 0,
(u(0), ∂tu(0)) = (u0, 0), u0 ∈ L2.
(3.1)
It is known that the equation is well-posed in L2, but it is ill-posed in the Lp space, as can be shown
by contradicting the continuous dependence on the initial data.
Theorem 3.1. For any p > 2, there exists a Gδ type set G dense in L2, such that the equation (3.2) is
not well-posed in C([0, T ]; Lp) for any T > 0, no matter how small it is.
Remark 3.2. For the proof, we only list the essential part. And we omit the construction of such a set,
which is similar to the series case.
Proof. Let ǫp,wkp be the same as in the proof of Proposition 2.3, and set v0 ≡ Π≤Nu0+
∑M
p=1 wkp(x−xp)
and hence ‖u0 − v0‖L2 ≤ cǫ. The essential idea underlying this proof is that the time is so short that it
does not destroy the property that the supports of wkp do not intersect with each other for different kp.
Let us consider the Cauchy problem
(
∂2t − ∆
)
v = 0,
(v(0), ∂tv(0)) = (v0, 0).
(3.2)
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Now set tM = 2−(M+10), then by the finite speed of propagation of waves, we have
‖u(tM , ·) − v(tM , ·)‖L2 ≤ ‖cos(t
√
−∆)Π>Nu0‖L2 + ‖
M∑
p=1
cos(t
√
−∆)ǫpwkp(· − xp)‖L2 ≤ cǫ,
and for any q > 2
‖
M∑
p=1
cos(t
√
−∆)ǫpwkp(· − xp)‖qLq ∼
M∑
1
(24d( 12− 1q ))qǫq.
Therefore, as M tends to ∞, we have
‖u(tM , ·) − v(tM , ·)‖Lq ≥
M∑
1
(24d( 12− 1q ))qǫq → ∞.
which finishes the proof. 
4. The case of cubic wave equation
In the following, we are going to show the equation (1.1) is ill-posed for the cubic wave equation
with generic initial datum. But first we should recall the ill-posedness result for the cubic wave
equation with zero initial data by N. Burq and N. Tzvetkov [1]. Precisely
Proposition 4.1. Let us fix s ∈]0, 1/2[. Then there exists δ > 0 and a sequence (tn) of positive numbers
tending to zero and a sequence (un(t)) of C∞c (M) functions such that
(∂2t − ∆)un + u3n = 0
with
‖un(0)‖H s(M) ≤ C log(n)−δ →n→∞ 0
but
‖un(tn)‖H s(M) ≥ C log(n)δ →n→∞ ∞.
We here outline the proof of this proposition. The basic idea is to compare the solutions to the
equation 
(∂2t − ∆)un + u3n = 0
(un(0), ∂tun(0)) = ( f1,n(x), 0)
(4.1)
and these to the ODEs 
v′′n + v
3
n = 0
(vn(0), v′n(0)) = ( f1,n(x), 0).
(4.2)
Under a special choice of the initial data f1,n = κnn3/2−sφ(nx) with φ a nontrivial bump function on R3,
the solutions to the ODEs (4.2) have an explicit representation vn(t, x) = κnn3/2−sV(tknn3/2−sφ(nx)),
where V solves the ODE
V ′′ + V3 = 0, V(0) = 1, V ′(0) = 0.(4.3)
(Although the solution to the ODE (4.3) can be represented explicitly with the help of Jacobian elliptic
functions, we do not need to, since what we need is just the periodicity property of the solution.) Then
the following two basic facts finish the proof.
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• un and vn are very close to each other with respect to the semi-classical energy En(u) defined
by
En(u) ≡ n−(1−s)
√
‖∂tu‖2L2 + ‖∇u‖2L2 + n
−(2−s)
√
‖∂tu‖2H1 + ‖∇u‖2H1
and consequently ‖un − vn‖Hs ≤ Cn−ǫ ; ( It is this fact that requires the regularity s should be
smaller that 1/2.)
• Due to the periodicity of the solution to the ODE (4.3), by the explicit representation, we can
do some calculations, which lead to ‖vn‖Hs → ∞ as n → ∞. (It is this fact that requires s > 0.)
Generally, we should consider the cubic wave equation of general datum (u0, u1) ∈ C∞c ×C∞c
(∂2t − ∆)u + u3 = 0
(u(0), ∂tu) = (u0, u1) ∈ C∞c ×C∞c .
(4.4)
Our goal is to show that the solution to generally ill-posed in H s for s ∈]0, 1/2[.
In order to easily get the Hs norm blow-up, we just try to add the solutions of ODEs
d2
dt2 vn + v
3
n = 0
(vn(0), ddt vn(0)) = (ψn(x), 0)
(4.5)
to these of the PDEs { (∂2t − ∆)un + u3n = 0
(un(0), ∂tun(0)) = (u0 + ψn, u1).(4.6)
And this leads to the difference equation for wn = un − vn{ (∂2t − ∆)wn + w3n = ∆vn − 3w2nvn − 3wnv2n
(wn(0), ∂twn(0)) = (u0, u1)(4.7)
In this case, thanks to the smallness of the semi-classical energy En(wn(0)) ∼ n−(1−s), one can follow
the strategy listed above to obtain that wn(t) is small in the sense of En(wn(t)) and thus small in Hs
for small time tn, and the blow-up of vn(tn) in Hs forces un(tn, ·) to blow up in Hs. Here we are not
going to write down all the details, but turn to the more general equations: the wave equation of power
3 ≤ p < 5.
5. Nonlinear wave equation of power 3 ≤ p < 5
The goal of this section is to show that the equation
(∂2t − ∆)u + |u|p−1u = 0
is generically ill-posed in H s for s ∈ (0, 32 − 2p−1 ). The following proposition is just a quantitative
statement of Proposition 1.5.
Proposition 5.1. Given a 3D manifold M. For any s ∈ (0, 32 − 2p−1 ) fixed and any given data (u0, u1) ∈
C∞c (M)×C∞c (M) and its corresponding solution u(t) to the equation (1.1), there exist δ > 0, a sequence
(tn)∞n=1 of positive numbers decreasing to zero and a sequence
(
un(t))∞n=1 of C∞(M) functions such that
(∂2t − ∆)un + |un|p−1un = 0(
un(0), ∂tun(0)) = (u0n, u1n)(5.1)
with
‖(u0n, u1n) − (u0, u1)‖H s(M) ≤ C log(n)−δ → 0 as n → +∞,
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but
‖u(tn)‖Hs(M) ≥ C log(n)δ → +∞ as n → +∞.
Proof. We present the proof analogous to that in [1]. We work in a local coordinate near a fixed
point of M, and will not distinguish this with the Euclidean space. By choosing the initial data(
u0n, u1n
)
=
(
u0 + ψn, u1
) ( ψn to be chosen later), we compare the solution un(t) of the equation (5.1)
to the ODE 
d2
dt2 vn + |vn|p−1vn = 0(
vn(0), dvndt (0)
)
= (ψn, 0).
(5.2)
Lemma 5.2. The solution V to the ODE
(5.3) V ′′(t) + |V(t)|p−1V(t) = 0, V(0) = 1, V ′(0) = 0
is periodic. And by choosing ψn(x) = κnnq1φ(nx) (φ and κn to be chosen later) with q1 = 32 − s, the
solution vn(t) to the ODE (5.2) has an explicit expression
vn(x, t) = κnnq1φ(nx)V
(
t
(knnq1φ(nx)) p−12 ).
Proof. Multiplying the ODE (5.3) by V , we see
d
dt
(1
2
|V ′(t)|2 + 1
p + 1
|V |p+1
)
= 0,
from which we have
1
2
|V ′(t)|2 + 1
p + 1
|V |p+1 = 1
2
.
Then by a qualitative analysis, we have V is periodic. The left of the lemma is just a computation. 
In order to exploit a deeper property of vn, we need to select the bump function φ carefully.
Lemma 5.3. There exists a nontrivial bump function φ supported in the unit ball B(0, 1) ∈ R3 such
that ∫
R3
∣∣∣φiφ jφk∣∣∣2φp−5dx < ∞,
for any possible combination i, j, k ∈ {1, 2, 3}.
By choosing such a bump function φ obtained in the lemma 5.3 and set tn = [log(n)]δ2 (κnnq1 )−
p−1
2
and κn = log(n)−δ1 ( δ1 to be determined later), we have for t ∈ [0, tn],
‖∆(vn)(t, ·)‖L2(M) ≤ Cknnq1
(
tn(knnq1 )
p−1
2
)2
n
1
2
‖∆(vn)(t, ·)‖H1(M) ≤ Cknnq1
(
tn(knnq1 )
p−1
2
)3
n
3
2
‖∇kvn(t, ·)‖L∞(M) ≤ C(tn(knnq1 ) p−12 )kknnq1+k for k = 0, 1, 2.
By working on the semi-classical energy En(u) defined by
En(u) ≡ n−q2
√
‖∂tu‖2L2(M) + ‖∇u‖2L2(M) + n
−q2−1
√
‖∂tu‖2H1(M) + ‖∇u‖2H1(M),
with q2 = 5−p2 (32 − 1p−1 − s), we can show that for every small times, un and vn are close to each other
with respect to En but these small times are not long enough to drive these both away from each other
in Hs. Here is the statement
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Lemma 5.4. There exist ǫ > 0, δ2 > 0 and C > 0 such that for n ≫ 1 and every t ∈ [0, tn], we have
En(un(t) − vn(t)) ≤ Cn−ǫ ,
and hence
‖un(t) − vn(t)‖Hs(M) ≤ Cn−ǫ .
Proof. Set wn = un − vn, then wn solves the equation
(∂2t − ∆)wn = ∆vn + |vn|p−1vn − |vn + wn|p−1(vn + wn) ≡ F
(wn(0, x), ∂twn(0, x)) = (u0, u1).
By the energy inequality for the wave equation, we get
d
dt
(
En(wn(t))) ≤ Cn−q2‖F(t, ·)‖L2(M) +Cn−(q2+1)‖F(t, ·)‖H1(M),
By using the bounds for ‖∆(vn)(t, ·)‖L2(M) and ‖∆(vn)(t, ·)‖H1(M), we have
(5.4) ddt
(
En(wn(t))) ≤ C[κnnq1+1/2−q2 (tn(κnnq1 ) p−12 )3 + n−q2‖G(t, ·)‖L2(M) + n−(q2+1)‖G(t, ·)‖H1(M))]
where
G ≡ |vn|p−1vn − |vn + wn|p−1(vn + wn).
Writing for t ∈ [0, tn],
wn(t, x) =
∫ t
0
∂swn(s, x)ds,
we obtain
(5.5) ‖wn(t, ·)‖Hk(M) ≤ tn sup
0≤τ≤t
‖∂twn(τ, ·)‖Hk(M).
In particular
‖wn(t, ·)‖L2(M) ≤ tnnq2 en
(
wn(t)),
where en(wn(t)) ≡ sup0≤τ≤t En(wn(τ)). And hence we have
‖wn(t, ·)‖H1(M) ≤ Cnq2 en(wn(t)),
‖wn(t, ·)‖H2(M) ≤ Cnq2+1en(wn(t)).
Thanks to the Gagliardo-Nirenberg interpolation, we have
(5.6) ‖wn(t, ·)‖L∞ ≤ C‖wn(t, ·)‖1/2H2(M)‖wn(t, ·)‖
1/2
H1(M) ≤ Cn
q2+1/2en(wn(t)),
Using (5.5), (5.6), the L∞-bound for vn together with Ho¨lder inequality and the inequality
∣∣∣|a+b|p−1(a+
b) − |a|p−1a
∣∣∣ ≤ C(|a|p−1 + |b|p−1)|a| for some positive constant C, we obtain
n−q2‖G(t, ·)‖L2(M) ≤ Ctn
(
(κnnq1 )p−1en(wn(t)) + (nq2+1/2)p−1en(wn(t))p
)
,
n−(q2+1)‖G(t, ·)‖H1(M) ≤ Ctn(κnnq1 )
p−1
2 tn
(
(κnnq1)p−1en(wn(t)) + κnnq1 (nq2+1/2)p−2en(wn(t))p
)
+Ctn
(
(κnnq1 )p−1en(wn(t)) + (nq2+1/2)p−1en(wn(t))p
)
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Therefore, coming back to (5.4), we get
d
dt
(
En(wn(t))) ≤ C[κnnq1+1/2−q2(tn(κnnq1 ) p−12 )3
+tn
(
(κnnq1 )p−1en(wn(t)) + (nq2+1/2)p−1en(wn(t))p
)
+tn(κnnq1 )
p−1
2 tn
(
(κnnq1 )p−1en(wn(t)) + κnnq1 (nq2+1/2)p−2en(wn(t))p
)
].
We first suppose that en(wn(t)) ≤ 1 which hold for small values of t due to the smallness of en(wn(0)) =
C(u0, u1)n−q2 ≪ n−ǫ for any ǫ sufficiently close to zero and the continuity of en(wn(t)). We then get
d
dt En(wn(t)) ≤ Cκnn
q1+1/2−q2(tn(κnnq1 ) p−12 )3 +C(tn(κnnq1 ) p−12 )2 f (n)en(wn(t))
where f (n) ≡ (κnnq1) p−12 + log(n)−δ2(κnnq1)− p−12 (nq2+1/2)p−1 + (κnnq1)1− p−12 (nq2+1/2)p−2. Thanks to the
special choices of q1, q2 and the super-criticality of s, we have the bound f (n) ≤ (κnnq1 ) p−12 . Now
going through a Gronwall argument for t ∈ [0, tn], we obtain
en(wn(t)) ≤ κnn
q1+1/2−q2 (log n)3δ2
(log n)2δ2 (κnnq1)
p−1
2
× e(log n)2δ2 (κnnq1 )
p−1
2 t
≤ κnn
q1+1/2−q2
(κnnq1 )
p−1
2
log(n)δ2 elog(n)3δ
≤ κ1−
p−1
2
n n
q1+1/2−q2−q1 p−12 log(n)δ2 elog(n)3δ2
≤ log(n)δ1 p−32 +δ2elog(n)3δ2 ns−( 32− 2p−1 ).
Thus for δ2 sufficiently small, there exists some ǫ > 0 such that
En(wn(t)) ≤ Cn−ǫ .
In particular, one has for t ∈ [0, tn]
(5.7) ‖∂twn(t, ·)‖L2(M) + ‖wn(t, ·)‖H1(M) ≤ nq2−ǫ = Cn
5−p
2 (q1− 1p−1 )−ǫ .
Next we have for t ∈ [0, tn],
‖wn(t, ·)‖L2(M) ≤ Ctn sup
0≤τ≤t
‖∂twn(τ, ·)‖L2(M) ≤ C log(n)δ2+δ1
p−1
2 n
q1(3−p)− 5−p2(p−1)−ǫ .
Interpolating between this last inequality with the inequality (5.7) yields
(5.8) ‖wn(t, ·)‖Hs(M) ≤ C log(n)(1−s)(δ2+δ1
p−1
2 )ng(s,p)n−ǫ ,
where g(s, p) ≡ − p−12 s2 + 7p−154 s− (p−2)(3p−7)2(p−1) = − 12
((p− 1)s− 2(p− 2))(s− (32 − 2p−1 )) is non-positive
for s ∈ (0, 32 − 2p−1 ) and 3 ≤ p < 5. Thus, we finally get
‖un(t, ·) − vn(t, ·)‖Hs(M) ≤ Cn−ǫ .
This finishes the proof of lemma 5.4. 
Now using lemma 5.4, we have
‖un(tn, ·)‖Hs(M) ≥ ‖vn(tn, ·)‖Hs(M) −Cn−ǫ .
On the other hand, by the representation of vn, we have for n large enough
‖vn(tn, ·)‖Hs(M) ≥ Cκnnq1 n−(3/2−s)(tn(κnnq1) p−12 )s = C[log(n)]−δ1+sδ2 .
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Rigorously, this is just a consequence of the following lemma.
Lemma 5.5. [1] Consider a smooth non constant 2π periodic function V and two functions φ, ψ ∈
C∞c (Rd) such that φψ is not identically vanishing. Then there exists C > 0 such that for any λ > 1 and
any s ≥ 0
‖ψ(·)V(λφ(·))‖Hs(Rd) ≥
λs
C −C.

6. Instantaneous Ill-posedness for the wave equation
Now we are ready to prove that the equation (1.1) is actually ill-posed instantaneously for generic
initial data
Proposition 6.1. Let us fix s ∈]0, 32 − 2p−1 [. Then for any (u0, u1) ∈ C∞c × C∞c , the equation (1.1),
satisfying in addition the finite speed of propagation, has no solution in L∞([−T, T ];H s), T > 0 with
initial data (u0, u1).
Proof. Let (ψn(x)) be a sequence of nontrivial bump function such that ψn is supported around the
point xn = (xn,1, x′n = 0) with |xn,1| → 0 to be specified. As a consequence, ψn is supported in the set
{x ∈ R3 : |x1 − xn,1| + |x′| ≤
C
n
}.
Now let vn be the solution of the ODE (5.2) with the initial data ψn. Notice that for any fixed n, we
have that ‖ψn‖Hs ∼
( log(n))−δ1 . This allow us to consider a sub-sequence {nk} such that nk ≤ 2−k and
‖ψn‖H s ≤ 2−k. Select xnk,1 = 1k2 , then the sets
Knk = {x ∈ R3 : |x1 − xnk,1| + |x′| ≤
C
2n
−Ctnk }
are disjoint with each other for two different k’s. And then by Lemma 5.5 and Proposition 5.1, the
solution unk to the equation (5.1) with initial data (u0 + φnk , u1) satisfy
‖unk (tnk , ·)‖H s(Knk ) ≥ log(nk)
α
for some positive α, as is shown in Proposition 5.1. Now consider the initial value problem
(∂2t − ∆)u∞ + |u∞|p−1u∞ = 0
(u∞,0(0), u∞,1(0)) = (u0 +∑k≥k0 ψnk , u1)
where k0 is sufficiently large. And thus by the disjointness of Kn, the finite speed of propagation and
the Sobolev-Slobodeckij characterization of fractal Sobolev space on bounded domain (see [8]), we
have for arbitrary tnk > 0 with nk sufficiently large
‖u∞(tnk , ·)‖Hs ≥ ‖u∞(tnk , ·)‖Hs(Kn) ∼ ‖unk (tnk , ·)‖Hs(Kn) ≥ log(nk)α,
and hence
lim supk→∞‖u∞(tnk , ·)‖Hs = +∞.
To finish the proof of Proposition 6.1, it remains to show that (u0 +∑k≥k0 ψnk , u1) ∈ H s − C∞c , which
is just a consequence of the selection of ψk’s and the fact that ‖u0 +∑k≥k0 ψk‖C0 = ∞. 
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